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Abstract
An n-ary cooperation is a mapping from a nonempty set A to the nth copower of A. A clone of cooperations is a set of
cooperations which is closed under superposition and contains all injections. Coalgebras are pairs consisting of a set and a set of
cooperations defined on this set. We define terms for coalgebras, coidentities and cohyperidentities. These concepts will be applied
to give a new solution of the completeness problem for clones of cooperations defined on a two-element set and to separate clones
of cooperations by coidentities.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Cooperations are mappings of the form f : A→ A∪ni where A∪ni = {1, . . . , ni } × A is the ni -th copower of the
set A in the category of sets. A clone of cooperations is a set of cooperations defined on the same set A, closed under
superposition of cooperations and containing all injection cooperations ınij : A → A∪ni defined by a 7→ ( j, a) for
any a ∈ A and 1 ≤ j ≤ ni . A cooperation is said to be essentially n-ary if it uses precisely n different copies of A.
If A is finite and |A| = n, then there are only finitely many clones of cooperations, since any cooperation is at most
essentially n-ary. In contrast to this result, for any set A with |A| ≥ 2 there are infinitely many clones of operations
defined on A.
If A = {0, 1}, then there are exactly 12 clones of cooperations. The completeness problem for cooperations is
the question of whether the clone generated by a subset F ⊆ cOA is equal to the clone cOA of all cooperations. B.
Csa´ka´ny solved this problem in [1]. In [3], for operations on finite sets, a new approach to the completeness problem
was proposed. In this paper we want to use similar methods for clones of cooperations. Using coidentities and co-
hyperidentities we will give a new solution of the completeness problem for cooperations. By the same technique we
will separate any two clones of cooperations defined on {0, 1} by coidentities. The final aim is to get an equational
characterization of clones of cooperations. Different from the case of clones of operations on {0, 1} and identities,
there are clones of cooperations defined on {0, 1} which can not be separated by coidentities.
Let A be a nonempty set and let A∪n be the n-th copower of A, i.e., the union of n disjoint copies of A. Let
n := {0, . . . , n−1}. Then A∪n := n×A is the cartesian product of n and A; i.e., (i, a) ∈ A∪n denotes for 0 ≤ i ≤ n−1
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the element a in the i-th copy of A. An n-ary cooperation is a mapping f A : A→ A∪n . Each n-ary cooperation f A
is uniquely determined by a pair ( f A1 , f
A
2 ) of mappings f
A
1 : A→ n and f A2 : A→ A. This means, for every a ∈ A
we have f A(a) = ( f A1 (a), f A2 (a)) ∈ A∪n . We call f A1 and f A2 the labelling and the mapping of f A, respectively.
Unary cooperations can be regarded as unary operations defined on A. For the 16 binary cooperations on A = {0, 1}
we use the following notation
ı20 h1 h2 f d g1 h4 g2
0 (0, 0) (0, 0) (0, 1) (0, 1) (0, 0) (0, 0) (0, 1) (0, 1)
1 (0, 1) (0, 0) (0, 1) (0, 0) (1, 1) (1, 0) (1, 1) (1, 0)
ı21 h5 h6 h7 h8 h h9 h10
0 (1, 0) (1, 0) (1, 1) (1, 1) (1, 0) (1, 0) (1, 1) (1, 1)
1 (1, 1) (1, 0) (1, 1) (1, 0) (0, 1) (0, 0) (0, 1) (0, 0).
Cooperations defined on the set {0, 1} are called Boolean cooperations. Let cO(n)A be the set of all n-ary
cooperations defined on A and let cOA := ⋃n≥1 cO(n)A be the set of all cooperations defined on A. An indexed
coalgebra of type τ is a pair A := (A; ( f Ai )i∈I ) where f Ai is ni -ary and where τ = (ni )i∈I is called the type
of the coalgebra. Coalgebras were studied first by Drbohlav [5]. These coalgebras are a special case of functorial
coalgebras, considered for instance by Rutten in [8] which model different kinds of state-based systems, and which
attracted a lot of attention during the last few years. In [1] the following superposition of cooperations was introduced.
If f A ∈ cO(n)A and g A0 , . . . , g An−1 ∈ cO(k)A then we define a k-ary cooperation f A[g A0 , . . . , g An−1] : A→ A∪k by










for all a ∈ A. The cooperation f A[g A0 , . . . , g An−1] is called the superposition of f A and g A0 , . . . , g An−1. The injections
are special n-ary cooperations. Any set C ⊆ cOA which is closed under superposition and contains all injections is
said to be a clone of cooperations. Clearly cOA is a clone. Since clones can be regarded as multi-based algebras, the
collection of all clones of cooperations on A forms a complete lattice, where the meet operation is the intersection.
If C ⊆ cOA is a clone of cooperations and if we mean the multi-based algebra with the sequence C (n) ⊆ cO(n)A as
universe and the superposition as operations, we will write C . In [1] it was shown that for all finite sets A this lattice
is finite. If A contains n elements, then any cooperation on A is determined by n-ary cooperations [1], since at most n
copies of A are needed to map n elements to some copower of A. All clones of Boolean cooperations were determined












{ f | f ∈ cO(n){0,1}( f1(a) = f1(¬a) and f2(a) = ¬ f2(¬a), a ∈ {0, 1})








{ f | f ∈ cO(n){0,1}(∃i ∈ n(∃a0, a1 ∈ {0, 1}(∀x ∈ {0, 1}( f (x) = (i, a0 + a1x)))))},
C2 := C0c ∩ C1c =
⋃
n≥1




{ f | f ∈ cO(n){0,1}(∃i, j ∈ n( f (0) = (i, 0), f (1) = ( j, 0)))}
⋃(⋃
n≥1
{ıni | 0 ≤ i ≤ n − 1}
)
,




{ f | f ∈ cO(n){0,1}(∃i, j ∈ n( f (0) = (i, 1), f (1) = ( j, 1)))}
⋃(⋃
n≥1
{ıni | 0 ≤ i ≤ n − 1}
)
,
M0 := C3 ∩ Mc =
⋃
n≥1
{ f | f ∈ cO(n){0,1}(∃i ∈ n( f (0) = (i, 0), f (1) = (i, 0)))}
⋃(⋃
n≥1
{ıni | 0 ≤ i ≤ n − 1}
)
and
M1 := C4 ∩ Mc =
⋃
n≥1
{ f | f ∈ cO(n){0,1}(∃i ∈ n( f (0) = (i, 1), f (1) = (i, 1)))}
⋃(⋃
n≥1
{ıni | 0 ≤ i ≤ n − 1}
)
.
For a set F ⊆ cOA of cooperations let 〈F〉 denote the clone generated by F . In [4] it was proved that the previously
listed clones are generated by the following sets of cooperations: C0c = 〈d, g1〉 (instead of C0c = 〈{d, g1}〉 we write
simply C0c = 〈d, g1〉), C1c = 〈d, h4〉, Dc = 〈 f 〉,Mc = 〈h1, h2〉, Lc = 〈h1, f 〉,C2 = 〈d〉,C3 = 〈g1〉,C4 =
〈h4〉,M0 = 〈h1〉,M1 = 〈h2〉, cO{0,1} = 〈g2〉. Clearly, all injections form also a clone I{0,1} which is the least one
and cO{0,1} is the greatest one. Then the following Hasse diagram gives the lattice L(cO{0,1}) of all clones of Boolean
cooperations.
Two coalgebras A1 = (A; ( f A1i )i∈I ) and A2 = (A; (gA2j ) j∈J ) having the same universe A are called rationally
equivalent if the clones of cooperations generated by their sets of fundamental cooperations are equal, i.e., if
〈{ f Ai | i ∈ I }〉 = 〈{gAj | j ∈ J }〉. Remark that the types of rationally equivalent coalgebras can be different.
Then up to rational equivalence there are exactly the following two-element coalgebras: cO{0,1} = ({0, 1}; g2), C0c =
({0, 1}; d, g1), C1c = ({0, 1}; d, h4), C3 = ({0, 1}; g1), C4 = ({0, 1}; h4),M0 = ({0, 1}; h1),M1 =
({0, 1}; h2),Lc = ({0, 1}; h1, f ), C2 = ({0, 1}; d),Dc = ({0, 1}; f ),Mc = ({0, 1}; h1, h2), I{0,1} = ({0, 1}; ı21).
2. Coterms and coidentities
If A = (A; ( f Ai )i∈I ) is a coalgebra of type τ , we define terms over A, which we call coterms. We need coterms
to define coidentities and cohyperidentities which will help to solve the functional completeness problem. Moreover,
we will define superposition operations on sets of coterms. Together with some nullary coterms we get the clone of
all coterms of a given type τ . It is well-known [2] that clones can be regarded as multi-based algebras which satisfy
certain identities. For clones of coterms we will show that these identities are satisfied.
Definition 2.1. Let τ = (ni )i∈I be an indexed family of natural numbers, ni ≥ 1, for all i ∈ I and let ( fi )i∈I be an
indexed set of cooperation symbols. To each cooperation symbol we assign ni as its arity. Let {enj | n ≥ 1, 0 ≤ j ≤
n− 1} be a set of symbols which is disjoint from the set { fi | i ∈ I }. To each enj we assign the positive integer n as its
arity. Coterms of type τ are defined by the following recursion:
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(i) For every i ∈ I the cooperation symbol fi is an ni -ary coterm of type τ .
(ii) For every n ≥ 1 and 0 ≤ j ≤ n − 1 the symbol enj is an n-ary coterm of type τ .
(iii) If t0, . . . , tni−1 are m-ary coterms of type τ , then fi [t0, . . . , tni−1] is an m-ary coterm of type τ and if t0, . . . , tn−1
are m-ary coterms of type τ , then enj [t0, . . . , tn−1] is an m-ary coterm of type τ .
Let cT (n)τ be the set of all n-ary coterms of type τ and let cTτ :=⋃n≥1 cT (n)τ be the set of all coterms of type τ .
On the sequence (cT (n)τ )n≥1 we may define superposition operations (Snm)m,n≥1 as follows.




i , t0, . . . , tn−1) := ti for 0 ≤ i ≤ n − 1.
(ii) Snini ( fi , e
ni
0 , . . . , e
ni
ni−1) := fi for an ni -ary cooperation symbol fi .
(iii) S
n j
m (g j , t0, . . . , tn j−1) := g j [t0, . . . , tn j−1] if g j is an n j -ary cooperation symbol.
(iv) Snm( fi [s0, . . . , sni−1], t0, . . . , tn−1) := fi [Snm(s0, t0, . . . , tn−1), . . . , Snm(sni−1, t0, . . . , tn−1)] where fi is an ni -
ary cooperation symbol, s0, . . . , sni−1 are n-ary coterms of type τ and t0, . . . , tn−1 are m-ary coterms of type τ .
Together with these operations we obtain a multi-based algebra
cTτ := ((cT (n)τ )n≥1, (Snm)m,n≥1, (enj )0≤ j≤n−1).
We mention that this algebra is an abstract clone, i.e., it satisfies the axioms (C1)–(C3).
Theorem 2.3. The multi-based algebra cTτ satisfies the following identities:
(C1) Sˆ pm(z, Sˆnm(y0, x0, . . . , xn−1), . . . , Sˆnm(yp−1, x0, . . . , xn−1)) ≈ Sˆnm(Sˆ pn (z, y0, . . . , yp−1), x0, . . . , xn−1),
(m, n, p ∈ N+),
(C2) Sˆnm(e
n
i , x0, . . . , xn−1) ≈ xi (m ∈ N+, 0 ≤ i ≤ n − 1),
(C3) Sˆnn (y, e
n
0 , . . . , e
n
n−1) ≈ y, (n ∈ N+).
(Here Sˆnm, Sˆ
p
m, Sˆnn , e
n
i are operation symbols corresponding to the clone type.)
Proof. The proof is straightforward and can be given by induction on the complexity of coterms. 
Let now A = (A; ( f Ai )i∈I ) be a coalgebra of type τ . Then each coterm of type τ induces a cooperation which is
inductively defined as follows:
(i) If fi is an ni -ary cooperation symbol, then f Ai is the induced ni -ary cooperation.
(ii) (enj )
A := ın,Aj for every n ≥ 1, 0 ≤ j ≤ n − 1, where ın,Aj is an n-ary injection.
(iii) If fi [g1, . . . , gni ] is a coterm and if we inductively assume that the induced cooperations gA1 , . . . , gAni are known,
then ( fi [g1, . . . , gni ])A = f Ai [gA1 , . . . , gAni ].
(iv) If gA0 , . . . , g
A
n−1 are assumed to be known, then we define (e
n
j [g0, . . . , gn−1])A = gAj for 0 ≤ j ≤ n − 1.
Let cT A(n)τ ⊆ cO(n)A be the set of all n-ary cooperations induced by n-ary coterms of type τ and let cT Aτ =⋃
n≥1 cT
A(n)
τ . Together with the superposition operations compnm : cO(n)A × (cO(m)A )n → cO(m)A defined by
compnm( f
A, g A1 , . . . , g
A






which satisfies the axioms (C1)–(C3) (see [4]), i.e., which is a clone. In [4] it was also proved that the sequence
(cT A(n)τ )n≥1 is the universe of a subalgebra cT Aτ of the clone ((cO(n)A )n≥1, (compnm)m,n≥1, (ın,Ai )0≤i≤n−1) and that
cT Aτ is the algebra generated by { f Ai | i ∈ I }, where we regard the set { f Ai | i ∈ I } as a graded set,
i.e., as a sequence of sets consisting of all n-ary cooperations from { f Ai | i ∈ I } for every n ≥ 1. The clone
cT Aτ = ((cT A(n)τ )n≥1, (compnm)m,n≥1, (ın,Ai )0≤i≤n−1) of all induced cooperations of the coalgebraA = (A; ( f Ai )i∈I )
is a homomorphic image of the algebra cTτ and therefore also an abstract clone (see [1]).
Now we have everything in hand to define the concept of a coidentity satisfied by a coalgebra A of type τ .
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Definition 2.4. Let A = (A; ( f Ai )i∈I ) be a coalgebra of type τ and let s ≈ t be a pair of coterms of type τ . Then
s ≈ t is called a coidentity in A if sA = tA for the induced cooperations. In this case we write A |Hcoid s ≈ t .
Let K be a class of coalgebras of type τ and let Σ be a set of pairs of coterms of type τ . Then we write K |Hcoid Σ
if every pair s ≈ t from Σ is a coidentity in every algebra A from K .
The pair of operators Coid : K 7−→ Coid K := {s ≈ t | s, t ∈ cTτ and ∀A ∈ K (A |Hcoid s ≈ t)} and
Comod : Σ 7−→ Comod Σ := {A | A a coalgebra of type τ and ∀s ≈ t ∈ Σ (A |Hcoid s ≈ t)} forms a Galois
connection (Coid ,Comod ), i.e., the following conditions are satisfied
(G1) K1 ⊆ K2 ⇒ Coid K2 ⊆ Coid K1
Σ1 ⊆ Σ2 ⇒ Comod Σ2 ⊆ Comod Σ1
and
(G2) K ⊆ Comod Coid K
Σ ⊆ Coid Comod Σ .
Classes of the form Comod Σ are the (Galois) closed sets under the closure operator Comod Coid and sets of the
form Coid K are the closed sets under Coid Comod . The classes of the form Comod Σ are called co-equational
classes of coalgebras and they form a complete lattice Lcomod(τ ). Classes of the form Coid K are called co-equational
theories and form a complete lattice Ecoid(τ ). Both lattices are dually isomorphic to each other.
We mention that this equational logic for coalgebras of type τ is similar to the equational logic of Universal
Algebra. In general, for functorial coalgebras one has different approaches (see e.g. [6]).
As an example we consider the two-element coalgebra C1c = ({0, 1}; d, h4) of type (2, 2). Let F1 and F2 be
cooperation symbols for d and h4, respectively. Then it is easy to see that C1c |Hcoid F2 ≈ F1[F2[e20, e20], F2].
3. Cohypersubstitutions and cohyperidentities
Our aim is to define equations of coterms which are satisfied for all replacements of the occurring cooperation
symbols by cooperations of the corresponding arities. Such replacements can be defined more precisely by the concept
of a cohypersubstitution.
Definition 3.1. A cohypersubstitution of type τ is a mapping σ : { fi | i ∈ I } → cTτ from the set of all cooperation
symbols to the set of all coterms which preserves the arities. The extension of σ is a mapping σˆ : cTτ → cTτ which
is inductively defined by the following steps:
(i) σˆ [enj ] := enj for every n ≥ 1 and 0 ≤ j ≤ n − 1.
(ii) σˆ [ fi ] := σ( fi ) for every i ∈ I ,
(iii) σˆ [ fi [t1, . . . , tni ] := Snin (σ ( fi ), σˆ [t1], . . . , σˆ [tni ]) for t1, . . . , tni ∈ cT (n)τ .
Let Cohyp (τ ) be the set of all cohypersubstitutions of type τ .
It is easy to see that the mapping σˆ is compatible with the operations Snm of the multi-based algebra cTτ .
Proposition 3.2. The extension σˆ of any cohypersubstitution σ ∈ Cohyp (τ ) is an endomorphism of cTτ .
On the set Cohyp (τ ) of all cohypersubstitutions of type τ we may define a binary operation ◦coh by σ1 ◦coh σ2 :=
σˆ1 ◦ σ2 where ◦ is the usual composition of mappings. Let σid be the cohypersubstitution defined by σid( fi ) := fi for
all i ∈ I . Then we obtain a monoid (Cohyp (τ ); ◦coh, σid).
Definition 3.3. Let A = (A; ( f Ai )i∈I ) be a coalgebra of type τ and let σ ∈ Cohyp (τ ). The coalgebra derived from
A by the cohypersubstitution σ is defined by σ(A) := (A; (σ ( fi )A)i∈I ). Here σ( fi )A is the cooperation induced by
the coterm σ( fi ).
Our definition shows that the derived coalgebra σ(A) is a coalgebra of the type ofA. The fundamental cooperations
of σ(A) are given by f σ(A)i := σ( fi )A. By induction on the complexity of a coterm we will check that this is true
for every coterm t ∈ cTτ .
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Lemma 3.4. Let A be a coalgebra of type τ , let t ∈ cTτ be a coterm of the same type and let σ ∈ Cohyp (τ ) be a
cohypersubstitution of type τ . Then tσ(A) = σˆ [t]A.
Proof. We will give a proof by induction on the complexity of the coterm t .
If t = eni for 0 ≤ i ≤ n − 1, then tσ(A) = (eni )σ(A) = ın,σ (A)i = ın,Ai = (eni )A = (σˆ [eni ])A = (σˆ [t])A.
If t = fi , for i ∈ I , then tσ(A) = f σ(A)i = σ( fi )A by Definition 3.3.
If t = fi [g1, . . . , gni ] for g1, . . . , gni ∈ cT (n)τ and if we assume that gσ(A)j = σˆ [g j ]A for all j =
1, . . . , ni , then tσ(A) = ( fi [g1, . . . , gni ])σ(A) = f σ(A)i [gσ(A)1 , . . . , gσ(A)ni ] = (σ ( fi ))A[σˆ [g1]A, . . . , σˆ [gni ]A] =
(σ ( fi )[σˆ [g1], . . . , σˆ [gni ]])A = σˆ [ fi [g1, . . . , gni ]]A = σˆ [t]A. 
For a class K of coalgebras of type τ we define σ(K ) = {σ(A) | A ∈ K } and if M ⊆ Cohyp (τ ) we get
χ AM (K ) =
⋃
σ∈M σ(K ). The mapping χ AM maps sets of coalgebras to sets of coalgebras. For a set Σ of equations of
type τ we define σ(Σ ) = {σˆ [s] ≈ σˆ [t]|s ≈ t ∈ Σ } and if M ⊆ Cohyp (τ ) we define χ EM [Σ ] =
⋃
σ∈M σ(Σ ). A
consequence of Lemma 3.4 is the following.
Corollary 3.5. For any coalgebra A of type τ , for any equation s ≈ t of coterms of type τ and for any submonoid
M ⊆ Cohyp (τ ) we have
(1) χ AM [A] |Hcoid s ≈ t ⇔ A |Hcoid χ EM [s ≈ t].
Proof. We have to show that for any σ ∈ M the following equivalence is satisfied: σ(A) |Hcoid s ≈ t ⇔
A |Hcoid σˆ [s ≈ t]. Indeed, we have σ(A) |Hcoid s ≈ t ⇔ sσ(A) = tσ(A) ⇔ σˆ [s]A = σˆ [t]A ⇔ A |Hcoid σˆ [s ≈
t]. 
The condition (1) is said to be the conjugate property for the operators χ EM , χ
A
M . It is easy to check that the operators
χ EM , χ
A
M have the properties of closure operators. Since the application of both operators to a set is defined to be the
union of the application to singletons, both operators are completely additive.
Theorem 3.6. Let M ⊆ Cohyp (τ ) be a monoid of cohypersubstitutions. Then (χ AM , χ EM ) forms a conjugate pair of
additive closure operators.
Proof. Extensivity of both operators follows from σid ∈ M . Additivity implies monotonicity and idempotency follows
from the closure of M under ◦coh. 
Definition 3.7. Let s ≈ t be an equation between coterms s and t of type τ and let A be a coalgebra of type τ . Then
a coalgebra A of type τ satisfies s ≈ t as M-cohyperidentity, written as A |HM−Cohyp s ≈ t , if for all σ ∈ M we have
A |Hcoid σˆ [s] ≈ σˆ [t]. For M = Cohyp (τ ) we speak of a cohyperidentity.
If C is a clone of cooperations defined on a set A which is generated by a set { f Ai | i ∈ I } of cooperations,
then we say that s ≈ t is a coidentity in C , written as C |Hcoid s ≈ t , if s ≈ t is a cohyperidentity in the coalgebra
A = (A; ( f Ai )i∈I ). For a class K of coalgebras of type τ , for a set Σ of coequations of type τ and for a monoid
M ⊆ Cohyp (τ ) of cohypersubstitutions we define MHcoid K = {s ≈ t | ∀A ∈ K (A |H χ EM [s ≈ t])} and
MHcomod Σ = {A | ∀s ≈ t ∈ Σ (A |H χ EM [s ≈ t]) }. It is clear that the pair (MHcoid ,MHcomod ) forms a
Galois connection. The Galois-closed sets are called M-solid classes of coalgebras and M-cohyperequational theories,
respectively. From the general theory of conjugate pairs of additive closure operators (see [7]) follows that the M-solid
classes of coalgebras form complete sublattices of the latticeLcomod(τ ) and that the M-cohyperequational classes form
complete sublattices of the lattice εcoid(τ ). For M-solid classes of coalgebras we get the following characterization:
Theorem 3.8 ([7], Theorem 3.3.2). Let K be a class of coalgebras of type τ satisfying the equation K =
Comod Coid K and let M ⊆ Cohyp (τ ) be a monoid of cohypersubstitutions. Then the following propositions
are equivalent:
(i) K = MHcomod MHcoid K
(ii) χ AM (K ) = K ,
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(iii) Coid K = MHcoid K
(iv) χ EM [Coid K ] = Coid K .
For more properties of these operators and classes of coalgebras one has to apply the theory of conjugate pairs of
additive closure operators.
4. Separation of clones of Boolean cooperations by cohyperidentities
Assume that C ⊆ cOA is a clone of cooperations defined on the set A and that F A ⊆ C is a generating system of
C : C = 〈F A〉. The set F A can be written as an indexed set F A = { f Ai | i ∈ I }. A clone of Boolean cooperations is
said to be maximal if it is a dual atom in the lattice of all Boolean cooperations.
As an example we prove:
Theorem 4.1. Every maximal clone of Boolean cooperations satisfies the coidentity
(2) F[F[F, e20], e21] ≈ F,
but cO{0,1} the clone of all Boolean cooperations does not satisfy (2) as coidentity.
Proof. By Section 1 there are exactly three maximal clones of Boolean cooperations: C0c,C1c and Lc.
Since C0c and C1c are dually defined, the clones of cooperations C0c and C1c are isomorphic to each other.
From our definition of coterms it follows that both coalgebras A1 = ({0, 1}; F1) and A2 = ({0, 1}; F2) with
〈F1〉 = C0c, 〈F2〉 = C1c satisfy the same cohyperidentities. Thus we will only show that C0c and Lc satisfy (2).
Since F is a binary cooperation symbol, we have to substitute only binary Boolean cooperations for F (each such
substitution corresponds to a cohypersubstitution). In the case of C0c we substitute the following binary cooperations:
ı20 , h1, d, g1, ı
2
1 , h5, h8, h. The necessary calculations are given by the following table:



















Now we are looking for the binary cooperations from Lc and obtain: h1, ı20 , h2, f, h5, ı
2
1 , h6, h7. For the calculation
we select only such cooperations which are not contained in the first table and obtain the following table:





Altogether we see that (2) is satisfied for C0c,C1c and Lc. The Boolean cooperations h10 and g2 do not
belong to one of the maximal clones (such cooperations are called Sheffer in [1]). For these cooperations we get
h10[h10[h10, ı20 ], ı21 ] = h10[h4, ı21 ] = h9 6= h10 and g2[g2[g2, ı20 ], ı21 ] = g2[h, ı21 ] = g1 6= g2. This shows that cO{0,1}
does not satisfy (2). 
Definition 4.2. A set C ⊆ cO{0,1} of Boolean cooperations is said to be complete if 〈C〉 = cO{0,1}.
{h10} and {g2} are complete one-element sets of cooperations since each of them generates cO{0,1}.
Since the lattice of all clones of Boolean cooperations is finite, a set C of Boolean cooperations is complete iff
C 6⊆ C0c, C 6⊆ C1c, C 6⊆ Lc. Using this fact we get the following completeness criterion for Boolean cooperations:
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Proposition 4.3. A set C of Boolean cooperations is complete iff C 6|Hcoid F[F[F, e20], e21] ≈ F.
If E1, E2 ⊆ cO{0,1} are clones of Boolean cooperations with E1 ⊆ E2 and if s ≈ t is a coidentity satisfied in E2,
then s ≈ t is also satisfied in E1. But we can look for a coidentity satisfied in E1, but not satisfied in E2. If there
is such a coidentity, we call it a separating coidentity for (E1, E2). Our next aim is to separate any two clones with
E1 6⊆ E2 and E1  E2 by coidentities. We mentioned already that C0c and C1c are isomorphic. Moreover, we have
the following two pairs of isomorphic clones: C3 ∼= C4 and M0 ∼= M1. We can give separating coidentities only in
the case that C is not isomorphic to C ′. The same coidentity may be appropriate to separate different pairs of clones.
Following the ideas developed in [2] we define a partial order between pairs of clones, which allows us to consider
only those pairs which are maximal with respect to this relation.
For simplification from now on we will not underline the capitals used for clones.
Definition 4.4. Let (E1, E2) and (E ′1, E ′2) be two pairs of clones, all contained in cO{0,1}. Then we define
(E1, E2)  (E ′1, E ′2) : ⇔ ∃E ′′1 (E ′′1 ∼= E ′1 with E1 ⊆ E ′′1 ) and
∃E ′′2 (E ′′2 ∼= E ′2 with E ′′2 ⊆ E2).
Two pairs (E1, E2), (E ′1, E ′2) are defined to be isomorphic if E1 ∼= E ′1, E2 ∼= E ′2.
Clearly, the relation  is reflexive and transitive. If for two pairs (E1, E2), (E ′1, E ′2) of subclones of cO{0,1} with
(E1, E2)  (E ′1, E ′2) there exists a coidentity ε such that E ′1 |Hcoid ε, but E ′2 6|Hcoid ε, then E1 |Hcoid ε, but E2 6|Hcoid ε
(see [2]). Therefore we can reduce our investigation to pairs of clones of Boolean cooperations which are maximal
with respect to the relation . Therefore, in [2] the following notion was defined for clones:
Definition 4.5. Let (E1, E2) be a pair of clones from L(cO{0,1}), where E1 is not isomorphic to subset of E2 and con-
versely. Then (E1, E2) is called a D-pair if for any pair (K1, K2) of clones fromL(cO{0,1})with (E1, E2)  (K1, K2)
and (E1, E2)  (K1, K2) either K1 is isomorphic to a subclone of K2 or K2 is isomorphic to a subclone of K1.
Our search for all D-pairs of clones of Boolean cooperations consists now of two parts. Let M be an arbitrary maximal
clone (dual atom) and let m be an arbitrary minimal clone (atom) of Boolean cooperations. We consider all pairs of
the form (m,M) and proceed in the following way:
1. If m 6⊂ M , then (M,m) is a D-pair.
2. m ⊂ M , then we determine all D-pairs in this interval.
From the diagram of L(cO{0,1}) (see Section 1) we get, up to isomorphism, exactly the following D-pairs of the first
kind: (C0c, Dc), (Lc,C2).
For the second step we use the following relations between atoms and dual atoms in the lattice L(cO{0,1})
M0 ⊂ C0c, Mo ⊂ Lc,C2 ⊂ C0c, Dc ⊂ Lc.
Now we prove:
Lemma 4.6. Up to isomorphism there are exactly the following D-pairs which are not of the form (M,m) for M a
dual atom and m an atom and m 6⊂ M: (C0c,Mc), (C3,C2), (Dc,M0), (Mc, Dc), (C2,M0) and (Lc,C3).
Proof. Since for these pairs the first component is a dual atom in the lattice L(cO{0,1}) or the second component
is an atom, it is easy to check that all these pairs are D-pairs, and we have only to prove that there are no other
D-pairs between minimal and maximal clones in L(cO{0,1}). We consider the following intervals: (I) (C0c,M0), (II)
(Lc,M0), (III) (C0c,C2), (IV) (Lc, Dc). We use the following algorithm to determine all D-pairs in these intervals:
Let (M,m) be one of these intervals, then we follow the following method:
First we determine all pairs (G, H) where G is maximal in M or G = M and m is maximal in H or m = H . If (G, H)
is a pair of incomparable clones. Then we check whether (G, H) is a D-pair or included in a D-pair. If (G, H) is a
pair of comparable clones we look for all pairs (G ′, H ′) such that G ′ is maximal in G and H is maximal in H ′ and
continue in the same way. By finiteness this leads to a pair (G ′, H ′) such that H ′ is a maximal class in G ′. The next
step leads to a pair (G ′′, H ′′) with G ′′ ⊆ G ′ and H ′′ ⊇ H ′. If now (G ′′, H ′′) is an incomparable pair then we check
whether (G ′′, H ′′) is a D-pair or is included in a D-pair. Otherwise we have G ′′ ⊂ H ′′ and further steps lead to pairs
(G(i), H (i)) with H (i) ⊆ G(i). In this manner by finiteness of the lattice of all clones of Boolean cooperations we get
all D-pairs included in (m,M),m ⊂ M .
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Now we consider the four intervals (I), (II), (III), (IV):
(I) (C0c,M0)
We have to consider all pairs (G, H) with G ∈ {C0c,C3,C2}, H ∈ {M0,C3,Mc}. Then we obtain the
following pairs of incomparable clones: (C0c,Mc), (C3,Mc), (C2,M0), (C2,Mc), (C2,C3). Furthermore we get
(C3,Mc), (C2,Mc)  (C0c,Mc) and (C0c,Mc) is a D-pair, (C2,C3)  (C2,M0) and (C2,M0) is a D-pair.
Then we continue with the comparable pairs: (C0c,C3), (C3,M0) and use again step (1). For (C0c,C3) this gives
G ∈ {C0c,C3,C2}, H ∈ {C3,C0c}. This gives the incomparable pair (C2,C3) which is included in the D-pair
(C2,M0) and the new comparable pairs (C3,C0c) and (C2,C0c). For (C3,C0c) we obtain G ∈ {C3,M0}, H ∈ {C0c}.
This gives only the new comparable pair (M0,C0c)  (Lc,C3). For (C2,C0c) we have no more pairs. For (C3,M0)
we have G ∈ {C3,M0}, H ∈ {M0,C3,Mc}. Then we obtain the incomparable pairs (C3,Mc)  (C0c,Mc) and the
new comparable pairs (M0,C3), (M0,Mc) with (M0,C3)  (Lc,C3) and (M0,Mc)  (C0c,Mc). This means in the
interval (C0c,M0) we found the D-pairs (C0c,Mc) and (C2,M0).
(II) (Lc,M0)
We consider all pairs (G, H) where G ∈ {Lc,Mc, Dc}, H ∈ {M0,C3,Mc} and get the following incomparable pairs
(Dc,C3), (Dc,Mc)  (Dc,M0), (Mc,C3)  (Lc,C3) and the D-pairs (Lc,C3) and (Dc,M0).
Further, we have the new comparable pairs (Lc,Mc) and (Mc,M0). In the first case we get G ∈ {Lc,Mc, Dc},
H ∈ {Mc, Lc} and we obtain the incomparable pairs (Dc,Mc)  (Dc,M0) with the D-pair (Dc,M0). Moreover, we
have the new comparable pairs (Mc, Lc), (Dc, Lc) with (Mc, Lc)  (Mc, Dc) and (Dc, Lc)  (Dc,M0).
We consider (Mc,M0). Then G ∈ {Mc,M0}, H ∈ {M0,C3,Mc}. This gives the incomparable pair (Mc,C3) 
(Lc,C3) and the new comparable pairs (M0,C3), (M0,Mc). These pairs were already considered.
In (Lc,M0) we found the D-pairs (Lc,C3), (Dc,M0).
(III) (C0c,C2).
In this case we have G ∈ {C0c,C3,C2}, H ∈ {C2,C0c}. The only incomparable pair (C3,C2) is a D-pair and the
comparable pair (C3,C0c) is contained in (C0c,M0) and the comparable pair (C2,C0c) was already considered. The
only D-pair in the interval (C0c,C2) is (C3,C2).
(IV) (Lc, Dc).
For G and H we have G ∈ {Lc, Dc,Mc}, H ∈ {Dc, Lc}. The only incomparable pair (Mc, Dc) is a D-pair and the
comparable pairs (Dc, Lc) and (Mc, Lc) were already considered. 
For each D-pair we try to determine a separating coidentity. Since every clone of Boolean cooperations is generated
by two, at most, binary fundamental cooperations, we may assume that the equations we are looking for, are built up
by coterms of type τ = (2, 2) or of type τ = (1, 1).
Definition 4.7. The D-pair (H1, H2) of clones of Boolean cooperations can be separated by the coidentity s ≈ t ,
where s, t are coterms of type τ = (2, 2), if H1 |Hcoid s ≈ t , but H2 6|Hcoid s ≈ t . In this case we call s ≈ t a
separating coidentity for the D-pair (H1, H2).
Theorem 4.8. The following equations are separating coidentities for the corresponding D-pairs:
(i) F[F, F[e21, e21]] ≈ F[F, F] for (Lc,C3),
(ii) L[G] ≈ G[L] for (C0c,Mc),
(iii) F[F, F[e20, e20]] ≈ e20 for (Dc,M0),
(iv) F[F[e20, e20], e21] ≈ F for (Mc, Dc) and (C0c, Dc) and
(v) F[e20, e20] ≈ e20 for (C2,M0).
(Here F is a binary cooperation symbol and L ,G are unary cooperation symbols.)
Proof. (i) Since we have to substitute binary cooperations for the binary cooperation symbols, for each clone of
Boolean cooperations we determine the set of all binary cooperations and obtain:
L(2)c = {ı20 , ı21 , h1, h2, h5, h6, h7, f },
C (2)0c = {ı20 , ı21 , h1, h5, h8, d, g1, h},
C (2)1c = {ı20 , ı21 , h2, h4, h6, h8, h9, d},
D(2)c = {ı20 , ı21 , h7, h8, f },
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M (2)c = {ı20 , ı21 , h1, h2, h5, h6, h8},
C (2)2 = {ı20 , ı21 , d, h8},
M (2)1 = {ı20 , ı21 , h2, h6},
C (2)3 = {ı20 , ı21 , h1, h5, h, g1},
C (2)4 = {ı20 , ı21 , h2, h4, h6, h9},
M (2)0 = {ı20 , ı21 , h1, h5}.
The equations will be checked by calculation.















h1 h5 h1 h1
h2 h6 h2 h2
h5 h5 h5 h5











Comparing the third and the fourth columns shows Lc |Hcoid F[F, F[e21, e21]] ≈ F[F, F]. For g1 ∈ C3 we have
g1[ı21 , ı21 ] = h5, g1[g1, h5] = g1, but g1[g1, g1] = h1. This shows C3 6|Hcoid F[F, F[e21, e21]] ≈ F[F, F].
(ii) To check the second equation we need all unary cooperations of C0c: C
(1)
0c = {ı10 , h1} and obtain ı10 [h1] =
h1 = h1[ı10 ]. Therefore C0c |Hcoid L[G] ≈ G[L], but Mc 6|Hcoid L[G] ≈ G[L] since for h1, h2 ∈ M (1)c we have
h1[h2] = h2 6= h1 = h2[h1].
(iii)




















This shows Dc |Hcoid F[F, F[e20, e20]] ≈ e20. For h1 ∈ M0 we have h1[h1, h1[ı20 , ı20 ]] = h1[h1, h1] = h1 6= ı20 and
thus M0 6|Hcoid F[F, F[e20, e20]] ≈ e20.
(iv) Now we consider all binary cooperations from Mc ∪ C0c
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This shows Mc,C0c |Hcoid F[F[e20, e20], e21] ≈ F . For f ∈ Dc we have f [ı20 , ı20 ] = f and f [ f, ı21 ] = ı20 6= f and thus
Dc 6|Hcoid F[F[e20, e20], e21] ≈ F .
(v) In this case we can easily prove that F[e20, e20] ≈ e20 (or F[e21, e21] ≈ e21) characterizes C2, i.e., F A ∈ C2 ⇔
F[e20, e20]A = e2,A0 ⇔ F[e21, e21]A = e2,A1 . Therefore F[e20, e20] ≈ e20 is a separating coidentity for (C2,M0). 
Now we are going to prove that for (C3,C2) and for (Lc,C2) there exist no separating coidentities.
Lemma 4.9. Let F,G be binary cooperation symbols and let s1, s2, t1, t2 be co-terms of type τ = (2, 2).
If I{0,1} |Hcoid F[s1, s2] ≈ G[t1, t2], then C2 |Hcoid F[s1, s2] ≈ G[t1, t2].
Proof. Suppose that I{0,1} |Hcoid F[s1, s2] ≈ G[t1, t2] and C2 6|Hcoid F[s1, s2] ≈ G[t1, t2]. Then for some substitution
of binary cooperations from C2, not all injections, to the binary cooperation symbols occurring in F[s1, s2] and
G[t1, t2], the resulting binary cooperations are distinct, i.e., F[s1, s2]A 6= G[t1, t2]A where A = ({0, 1}; f1, f2)
with { f1, f2} ⊆ {ı20 , ı21 , d, h8}, { f1, f2} 6⊆ {ı20 , ı21}. Therefore F[s1, s2]A(0) 6= G[t1, t2]A(0) or F[s1, s2]A(1) 6=
G[t1, t2]A(1). Since for any binary cooperation HA from C2 we have HA(0) = (i, 0) for some i ∈ {0, 1}, we
have F[s1, s2]A(0) = (i, 0) and G[t1, t2]A(0) = ( j, 0) for i 6= j in the first case. Since d(0) = (0, 0) = ı20(0)
and h8(0) = (1, 0) = ı21(0), we get the same equations if we substitute ı20 instead of d and ı21 instead of h8 to the
cooperation symbols occurring in F[s1, s2] and G[t1, t2]. But this means that I{0,1} 6|Hcoid F[s1, s2] ≈ G[t1, t2], a
contradiction. In the second case, i.e., if F[s1, s2]A(1) 6= G[t1, t2]A(1), we make use of the fact that for any binary
cooperation HA from C2 we have HA(1) = (i, 1) for i ∈ {0, 1}. Then, substituting ı21 instead of d and ı20 instead of
h8 in F[s1, s2] and G[t1, t2] we obtain the same contradiction. This shows that C2 |Hcoid F[s1, s2] ≈ G[t1, t2]. 
If the left hand side or the right hand side of a coidentity has not the form F[s1, s2] and G[t1, t2], respectively it must
be an injection symbol since F[e20, e21] ≈ F for every binary cooperation symbol F . In this case we can conclude as
we did in the proof, considering only one side of the equation. Thus we have
Corollary 4.10. There is no separating coidentity for the pair (I{0,1},C2).
From this result we obtain
Theorem 4.11. There are no separating coidentities for the D-pairs (C3,C2) and (Lc,C2), respectively.
Proof. If s ≈ t is a coidentity satisfied in C3 or in Lc, then s ≈ t is also satisfied in I{0,1}. But by Corollary 4.10 every
coidentity satisfied in I{0,1} is also satisfied in C2. 
From our result, we get an answer to the question which pairs (C1,C2) of clones of Boolean cooperations such that
C2 is not isomorphic to a subclone of C1 can be separated by coidentities. This property shows one more difference
between clones of Boolean operations and clones of Boolean cooperations. Any pair (C1,C2) of clones of Boolean
operations such that C2 is not isomorphic to a subclone of C1 can be separated by identities (see [3]).
The aim of this paper was a characterization of clones of Boolean cooperations by equations. This is possible for
several clones. For future research work we propose to use the same method for clones of cooperations defined on
arbitrary finite sets.
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